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Abstract 

We study the application of the rules of Thermo Field Dynamics (TFD) to the 
covariant formulation of Open String Field Theory (OSFT). We extend the states space 
and fields according to the duplication rules of TFD and construct the corresponding 
classical action. The result is interpreted as a theory whose fields would encode the 
statistical information of open strings. 

The physical spectrum of the free theory is studied through the cohomology of the 
extended BRST charge, and, as a result, we get new fields in the spectrum emerging 
by virtue of the quantum entanglement and, noticeably, it presents degrees of freedom 
that could be identified as those of closed strings. We also show, however, that their 
appearing in the action is directly related to the choice of the inner product in the 
extended algebra, so that different sectors of fields could be eliminated from the theory 
by choosing that product conveniently. 

Finally, we study the extension of the three-vertex interaction and provide a simple 
prescription for it whose results at tree-level agree with those of the conventional theory. 

1 Introduction 

Open String Field Theory (OSFT) is deemed to be the right arena where to study 
nonperturbative aspects of string theory and, possibly, even a way to define it non- 
perturbatively [1, 2, 3, 4, 5, 6, 7, 8]. A lot of progress has been made since its 
appearing in the covariant formulation [1], and it has been proven to be the right 
way to address some important issues such as, for example, the condensation of the 
tachyon field [9, 10, 11, 12, 13, 14, 15, 16]. In past years, a lot of progress has 
been made concerning the finding of classical solutions of OSFT, showing its capa¬ 
bility of studying the vacua of string theory and their physical interpretation. Par¬ 
ticularly, some of these are to be associated with D-branes and/or their decaying 
[17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. 
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On the other hand, Thermo Field Dynamics (TFD), developed by Takahashi and 
Umezawa [41, 42, 43, 44, 45, 46, 47], is a real time approach to quantum field theory 
at finite temperature [48, 50] where an identical but fictitious copy of the system is 
properly introduced. The state space is the tensor product of two copies of the original 
Hilbert space, and the thermodynamical information of a quantum system is encoded 
in a fundamental state in this space instead of the density matrix. More generally, the 
statistical average of an operator O can be defined as its expectation value in a certain 
(ground) state in the extended Hilbert space: 

Tr[Op] = {n\0\il) (1) 

for any density matrix p. In particular, at thermal equilibrium, the density matrix 
pp = /Z corresponds to the thermal ground state 

lD(/3)) = G-HOH, (2) 

n 

where jn; n) denotes the energy eigenvalue of the two systems. In this way, one 
could describe any mixed state by a pure (but entangled) state in the extended Hilbert 
space. 

The purpose of this paper is to study in depth how this extension can be constructed 
in the context of OSFT. In this sense, our construction here is nothing but a theory for 
the general mixed/entangled states of open strings (eq. (1)), rather than for thermal 
states. In fact this is the necessary step, previous to introduce thermal equilibrium and 
temperature, which shall be realized in a forthcoming work. 

The specific goal of describing thermal OSFT using TFD was first achieved by 
Leblanc [49] shortly after the appearing of Witten’s formulation of OSFT [1]. It was 
done by decomposing the open string field in an infinity of ordinary point-like quantum 
fields and using the standard rules of TFD to compute the thermal correlation functions. 
Because of this, the application of the TFD rules to non-local objects as the string field 
has been lacking, and the duplication TFD principles have not been yet incorporated to 
the axiomatic structure of OSFT. In fact, the main motivation of this work is to study 
the implications of the TFD extension on the modern formulation of OSFT, in view of 
these unexplored aspects^. 

Other aspect to have in mind, apparently unrelated to the discussion above, is the 
connection with closed strings. It has been suggested by A. Sen that open string theory 
might be able to describe some (if not all) of the closed string physics, at least in a 
background of D~branes [51, 52]. In this sense open string field theory should be a 
privileged ground to check this idea. Open string field theory is of course formulated 
in terms of open strings degrees of freedom, but there is ample evidence that tachyon 
condensation leads to a new vacuum, and that this new vacuum is the closed string one. 

If, as expected, the gravitational interaction can be described as emerging from OSFT, 
considered fundamental, then backgrounds containing black objects that have thermal 
properties should be described by the own OSFT in some sense. Thus, a study of the 
thermal/statistical properties of OSFT is required. We are going to show that a TFD 
extension of OSFT indeed captures some features of the gravitational interaction and 
closed strings. 

This article is organised as follows. In Section 2, we briefly review the OSFT and 
present some standard formulas. In Section 3, we introduce the basic rules of the TFD 

^In another context, properties of first quantized strings and D-branes at finite temperature have already 
been studied [39], and the idea of using TFD to study D-branes at finite temperature came up in [33, 34, 
35, 36, 37, 38, 40]. 
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formalism and, in order to construct the extended string fields, we extend the open string 
vacuum accordingly. In Section 4, we study how the TFD extension of the free OSFT 
can be implemented and, in order to define the kinetic term, we discuss the issue of 
how to define an appropriate inner product in the extended space of fields. In Section 
5, we construct the more general ground states of the theory that would encode the 
statistical information (as eq. (I)), and show that their field content is coincident with 
the low energy spectrum of closed strings. Moreover, it is argued that, for the proper 
choice of the inner product, the present theory agrees with the free action of closed 
string field theory. In Section 6, we investigate the spectrum of physical fields (for the 
lower levels) by studying the cohomology of the extended BRST charge operator on the 
extended space. The extended OSFT action is wrote down in Section 7 and it is argued 
that the explicit dependence on the more general inner product provides a mechanism 
to eliminate many sectors of fields. In Section 8, we propose the simplest prescription 
for the extended vertex (star product) in order to reproduce the conventional OSFT 
dynamics at tree level. Concluding remarks are collected in Section 9 where we stress 
that this theory is equipped with a natural definition of entropy. 


2 Open String Field Theory: Preliminaries. 

The main object in this theory is the string field |$), which is an element of a graded 
algebra A. In this algebra, a star product is defined A® A ^ A. This product is 
additive with respect to the degree. There are also a BRST operator Q of degree 1 and 
an integral operation which takes the string field to a complex number. These elements 
are required to satisfy a set of axioms: 

i) ^0 ; V|$) Gyl 

ii) J g|$) =0 ; V|$) Gyl 

iii) Q(|<l>)*|vIr)) = (Q|$))*|4/) + (-l)^|<l>)*(Q|4/)) ; V|$), |vl/) g (3) 

iv) J 1$) * |vlr) = (-I)^'i' J Ivp) * |c 0 ) ; V|$), Id/) G A 

v) (|$)*|d/))*|S) = |$)*(|d/)*|S)) ; V|<i>),|vl/),|S)G.4 
An action is then postulated 

A=i(<i>,Q$) + |(<I>,<i>*<i>), (4) 

where g is the open string coupling constant. Once the axioms (3) are satisfied, this 
action is invariant under the gauge transformation 

<I|$) = Q|A) + |$)*|A)-|A)*|$), (5) 

where |A) G A is a gauge parameter with degree 0. 

If we take the string field as a functional of the matter and ghost fields that describe 
a string in a 26-dimensional space-time, the BRST operator Q to be the BRST operator 
Qb of the open string and the degree of the algebra to be associated with the ghost 
number of the string field^, it has been shown that all these axioms and structure are 

^In this paper, we denote the ghost number of a string field as gh{^), and it is computed by the usual 
rule: the number of ghosts (c) minus the number of anti-ghosts (b). 
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satisfied. The string field can then be expanded in terms of the Fock space states of the 
open string with their coefficients being space-time fields: 

r f]2eu 

1^) = J (27r)26 -b • • • ] |f^), (6) 

where |n) = ci|0; k) is the Fock space vacuum. The star product is naturally defined as 
the gluing of the right half of one string to the left half of the other producing a third 
string, defining in this way how strings interact. Finally, the integration operation is 
performed by gluing the left and right halves of the string. 

The brackets in (4) are defined by 

($|4') = (6p0($)|4') (7) 

where bpz operation is defined as follows. For a primary field (j){z), taking the bpz means 
transforming this field by I{z) = —Ijz. In terms of the modes^ of the primary field, 
the bpz operation means 


bpz((/)„) = (8) 

The bracket (7) is also written, in terms of the world-sheet conformal field theory, as 
an amplitude to be computed on the unitary disk in the complex plane, that is 

{^\^) = {Io^O)^iO))Disk (9) 

The interaction term in (4) represents the gluing of three strings and is defined in 
terms of an amplitude as 

($, T * S) = (/i o $( 0)/2 o 4-(0)/3 o (10) 

where fi are the functions that map each of the upper-half disks of each string, given 
by coordinates to the unit disk in the w complex plane: 


/i(Ci) = e 3 


27ri / 1 -b Z^l 


1 - 


hi^2) = 


1 + 

1 - *6 


= e 


_ 27ri f 1 + ^6 

l-i?3 


( 11 ) 


One object that will be useful in the following is the reflector state. It is a state that 
lives in Ti* ® TL* and is defined, in connection to the kinetic term of the action, as 


($|T) = (i7i2||$)i|T)2 (12) 

where the subscripts 1 and 2 refer to the Hilbert spaces of the first and second string, 
respectively. One can then obtain an expression for the reflector in terms of the oscillator 
modes of the matter and ghost fields [2, 3]: 


(-R 12 I = y ^^^(i(0;fc|c_i(g) 2(0;-fc|c_i)(c[,^^-bc[,^^) 

/ CXD 

X exp - kl'leg), + c!.'>6b> + cShm 


(13) 


where the oscillator modes (matter) and c„, (ghosts) obey the known algebras 


primary field of conformal weight h has an expansion in terms of its modes as 
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(14) 


? {^7^,6771} — Sm+n 

where a(( = a^jyjn for n > 0 . 

Also the interaction term of the action can be written is terms of a state called the 
three-string vertex. The three-string vertex is defined as a state (V 123 I &%* ®'H* ®'H* 
such that 


($,^-*2) = (lh23||$)l|«')2|S)3, (15) 

where the subscripts 1, 2 and 3 refer to the Hilbert spaces of the first, second and third 
string respectively. It was shown that this vertex can be written (as a ket) as 


1 ^ 123 ) = Af J 


(i26A:(l) ^26^(2) ^26^(3) 
(27r)26 (27r)26 (27r)26 


X exp 

\r,s=l m,n 


X (|H)i (g) |H)2 0 |H)3 


(16) 


where the constant coefficients V^g, V'gg'’ and are calculated in [2, 3, 7, 8, 53, 
54] and Af = 3®/^/2®. For completeness, it is worth mentioning that this vertex is also 
used to make the star product between two string fields 


|«'*«')3= l($|2(d'||Vi23) 


(17) 


3 TFD Duplication Rules and The Ground State 

The formalism of Thermal Field Dynamics [41, 44] is a natural extension of general quan¬ 
tum field theories built up in order to describe the thermal effects and statistical prop¬ 
erties of a system as an entanglement of its degrees of freedom with a non-interacting 
identical copy of itself. According to this formalism, one considers the direct product 
of both Hilbert spaces, and the time evolution is generated by a decoupled hamiltonian 
operator H = H — H, where the tilde refers to the copy of system. The operators of 
the QFT are constructed from the QFT ones by the tilde conjugation rules, or simply 
TFD rules [55], defined for all the operators AT, T,.... of the QFT by: 


(xrr = 

XY 

{cX + Yj = 

c* X + Y 

{x^Y = 

{XY 

[^T] = 

0 

(xr = 

eA: 


(18) 


In the last line, e = -|-1(—1) for commuting (anti-commuting) fields [56]. This struc¬ 
ture is related to a c*-algebra, and the rules (18) may be identified with the modular 
conjugation of the standard representation [57]. 

In TFD, an extra condition on entangled/thermal ground states is demanded: 
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(*) |0,)) = |17,)) (19) 

where 9 denotes the label on the vacua. Furthermore, all these states are defined to be 
annihilated by the combination 


{ii) H = H-H (20) 

which is considered to be the generator of time evolution of the duplicated system. In 
particular, using the rules (18), one can observe that the canonical open string vacuum 
|n) = ci|0; k) should be extended a priori as |0)) = |n) 0 |i2) = ci|0; k) 0 ci|0; k), and 
we will see below which specific form this state must have in order to satisfy axioms (i) 
and (ii). 

The last axiom of TFD is the so-called KMS condition that is often expressed as 

(zzz) Oix^m))) = 

{{nmoix^ = {{nm&ix^ + il3^/2)e 

for a spacetime point-dependent operator O, where j3^ is a timelike vector and /3 = 
is the temperature inverse. This is what defines the thermal ground state. 

In this first paper, we are not going to implement the KMS condition (iii) that 
breaks the relativistic symmetry and restricts the general mixed states to the equilibrium 
(thermal) ones. Hence, the resulting theory can be viewed as a generalization of TFD, 
which can be interpreted as a theory for mixed states and addresses the more general 
possibility of describing dynamics for states out of thermal equilibrium. 

3.1 The TFD double string vacuum 

As an application of the TFD rules, let us first construct the ground state of the doubled 
open string. We start with a physical one-string ground state and another (independent) 
one for the tilde copy of the state space: 

|0) :=ci|0;A:) =e*'='^°ci|0;0) ; |D) := ci|6; fc) = e*^-^«ci|0; 6) (21) 

The operator Xq denotes X{z = z = 0) in the complex plane. Then the vacuum of the 
doubled theory shall be defined in general as 


|D)) = |D) (g) |H) = Cl |0; k) 0 ci |6; ~k) (22) 

However, notice that not all of these states are vacua of the extended theory; indeed, 
according to the axiom {ii), the ground states must satisfy the condition |H)) = |D)), i.e 

ci|0; k) (g) ci|6; k) = -ci(|0; k)) (g) ci^|0; k)'^ (23) 

Taking the tilde of both equations in (21) and using the rules (18), we obtain 

(W) := ; (|D)) := -ci(|0;fc))) = -e-*^'^«ci(^) 

(24) 
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Then (23) writes as 

e*'=-^«ci|0; 0) (g) e*'=-^“ci|6; 6) = e-*'=-^«ci|0^) (g) (|6; 6))) (25) 

that can be rewritten as 

e*'=-^«e*'=-^“cici|0;0) (g) |6;0) = e“*'=-^°e“*'='^“ciCi|CM)) (g) (|6;0))) (26) 

thus, using that [Xo,Xo] = 0, 

g*(fe+fc).Xogi(fe+fc).Xo^^g^|Q. ^ |Q. ^ ciCifCbO) (g) (|0; 6))) , (27) 

which is nothing but 

cici|0; k + k) ^ \0; k + k) = cici|0; 0) (g) (|0; 0))) . (28) 

Finally, since the states |0;0), (|0;0))) do not depend on the momenta k or k, we we 
conclude both 

k + k = 0 (29) 

and 

^) = |0;6). (30) 

The conclusion, then, is that the ground state of the (TFD) doubled open string 
theory (22) reads 

|n)) = |0) (g) |0) = ci|0; k) (g) ci|6; —k ), (31) 

and, furthermore, by virtue of (21), (24) and (30), we have that |n) = |i7). 


Therefore, the axiom (ii) is automatically satisfied by the string Hamiltonian oper¬ 
ator Lq. In fact, Lq = Lq — Lq annihilates the state (31) since = | — fcp = \k\‘^. 


4 Extending OSFT 

The first ingredient of TFD is the duplication of the space of states of a quantum theory. 
This allows us to describe all the states of the system, including density matrices, as pure 
states. The effects of the statistical mixing are encoded in the entanglement between 
both parts of the extended theory. 

Based on this approach, we are going to duplicate the string Fock space towards a 
future formulation of a finite temperature string field theory. Our string field will then 
be constructed as an expansion on a doubled Fock space. The usual string field is an 
element of an algebra A, which can be interpreted as a set of (wave) functionals of a 
string configuration in space-time $[X(ct)]. Its extension will be a space A® whose 
elements can now be described as functionals of two string configurations <I)[X((j), X(u)]. 
We will interpret this new object as encoding the information on general (pure or mixed) 
string states, often described by density matrices (see eq. (1)). 

This viewpoint constitutes a radical difference with regard to previous TFD for¬ 
mulations [49, 50] where, the string field is described as its decomposition in terms of 
conventional pointwise fields, and thus, the TFD rules simply duplicate them. Here, 
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the duplication is viewed on the string field itself, and one might expect different con¬ 
sequences on the field spectrum. 

As just said, the extension of the string field is immediate by considering the tensor 
product of both basis. Having into account (29), we can represent this as: 

r 

\^)) = J [t{k) + + Ci^„{k)a'^ia'Li-\ ] 1 ^)) ( 32 ) 

According to conventional TFD, one shall also consider a tilde copy of this string 
field constructed from it by the tilde conjugation rules: 

~ /■ k r ~ ~ ~ 1 

l<f)) = J 1^2)) (33) 

where we have implicitly assumed that the component fields shall be canonically quan¬ 
tized afterwards, so the fields t, A^, ... must be considered independent from their 

tilde partners. 

Following the TFD construction, the theory is defined by the difference between two 
(non-interacting) string field theories 

= S'[$]-§[$], (34) 

where the first term is the usual (open) string field theory action properly extended to 
the space of configurations A® A And the second one, is derived from this by using 
the tilde conjugation rules. 

Formally, this is 

^ + fp, $ * - fp, $ * (35) 

From now on, we omit ext to denote the extension of the scalar product to the space 
A® A^ and we simply denote it by the double bracket. Although (35) describes the 
correct structure of the extended action^ computationally, one shall give a prescription 
to extend the scalar product to act on A = A® A, and its tensor products ®iAi, so as 
to extend the product * on two doubled string spaces Ai ® A 2 . We take the reflector 
state for this space simply as ((i?i 2 | = (.R 12 I ® (i?i 2 |, where (i?i 2 | = (.^ 12 1 > and, using 
the rules above, it can be verified that 

Kl = ((^’121. (36) 

By minimizing (35) with respect to the fields $ and $, we obtain two decoupled 
equations of motion 

QB|$))=5l‘I>*d>)) (37) 

and 

QB|4>))=5l<b*<b)) (38) 

whose classical solutions would describe the states of the theory. From now on, we will 
focus on the free OSFT, which describes the asymptotic states or the weak coupling 
limit of the above theory, so the r.h.s. of these two equations should be interpreted only 
as formal expressions. In the last section, we shall discuss about the possible form of 
the interaction term. 

^The SFT action must be extended to be a well defined functional of fields (32). 
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4.1 The Free Theory 

Let us write the kinetic term of the extended free OSFT in the following way 

5[<i>] = i(($|QB|$)), (39) 

so the full TFD action is _ 

S = S'[$] - 5[$]. (40) 

We must then give a prescription for the internal product (($i|'I' 2 )) on A, in order 
to have the correct ghost number in the kinetic term. For instance, let us consider some 
generic operator O acting on one copy of the usual space A, then the Riemann-Roch 
theorem implies that the product is nontrivial iff the ghost number in this 

product is 3, since it is to be evaluated on the disk. So, for instance, if |$i) and |4'2) are 
ordinary open string fields gh{\^)) = g/i(|4')) = 1, then one shall have gh{0) = 1. Now, 
let us consider an operator O on the doubled open string space A. The ghost numbers 
are gh{\^))) = gh{\^))) = gh(|4'))) = gh{\'i’))) = 1, and the cited theorem implies that 
the product (($10 4')) is nontrivial only if gh(0) = gh(0) = 1. 

This is essentially the situation of defining the kinetic term (39), (($|(5 bI$)) , where 
gh(Qg) = 1. The extended reflection map ((R 12 I : .4i —>■ .42 can be thought of as a 
metric ((R 12 I : .4i 0.42 —>■ 5? defining the internal product. The kinetic term (39) would 
then be expressed as 


(((^’i2|$(1))))|Q^'^|$(2))) (41) 

where the indices 1,2,... stand for different (doubled) string space copies .4i,2,...- Notice 
that the ghost number is not saturated unless we insert some operator such that 
the unique non-vanishing ghost nnmber is gh 2 G = 1- An obvious candidate to this is, 
of course, the operator Cq^K 

Therefore, we see that the correct formula to define this is ® 

5[$] = i (((i?12||$(l)))) a(2)Qg^|$(2))) (42) 

So our proposal is to extend the internal product to the doubled Hilbert space by 
means of 


(($l|$2)) = ((Al2||$l))e("^|$2)) (43) 

where (($i| has gh = gh = 1, whereas the object |4'2)) has gh = 2 and gh = 1. In 
order to capture a more general prescription, but also for simplicity, we take this to be 
a generic linear combination of ghost operators 

^ ? Co -f ) l,l G (44) 

Notice that all internal products of this family, parameterized by the real numbers 1,1, 
are indeed non-degenerate. 

study on how this insertion should be, for general ghost numbers, will be presented in a forthcoming 

work. 
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Within this prescription, the action (39) reads 

5[<I’] = ^(((^i2|‘I>)))eQB|$)). (45) 

Then, using R 12 = R 12 , and the TFD rules, the tilde action is simply 

^m = ^(((^12|^)))eQB|$)), (46) 

where interestingly, the tilde action involves a different (tilde) internal product. There¬ 
fore, the equations of motion derived by variating the action <I>] with respect to the 
kets 1$)) and |$)) respectively are 

Qb|$))= 0 & gB|$))=0 (47) 

Let us remark that these equations of motion are the same and are independent on 
the choice of the internal product. However, let us end this section by mentioning that 
there is a particularly symmetric choice of the operator Qc = Icq = 1{cq — cq), which is 
in line with the TFD-extension of the operators. Then Qc = —Qc is verified, and so the 
tilde corresponding product is the same with inverted signal. This choice is referred to 
as the canonical product. So the extended OSFT defined with the canonical product 
results 

Scauouical = ^ (((i?12 I $))) CoQb|$)) + ^ (((i?12|$))) CoQb|4>)) • (48) 

Later, we will see that this encodes an interesting property. 


5 Ground States 

In this section, we will study the theory that describes the generally entangled ground 
states of the doubled-OSFT (or simply H-states). By tracing out the tilde copy degrees 
of freedom, these (mixed) states can be equivalently described by density matrices 
encoding the statistical properties of the open string field. In the present approach, one 
can restrict the theory to these states by only imposing the axioms (i, ii) of TFD. Then, 
in a following step, by imposing the KMS condition (axiom (hi)), one would obtain the 
specific OSFT thermal vacuum. Thus, here we will investigate the space of D-states, 
which satisfy the axioms (i,ii). 

As seen in section 3, the extended canonical string vacuum is |0)) = |D,D)) = 
|D) (g) |D) = ci|0; k) 0 ci|0; —k) and it satisfies both 

(Lo - 1) 1^^)) =0 , (Lo - I) |D)) = 0 . (49) 

It then automatically satisfies Lq — Lq |D)) = 0. Since Lq = Lq — Lq is the total 
Hamiltonian in a TFD formulation, one then demands that this property characterize 
the most general entangled ground states (axiom (ii)): 

Lo\n{0))) = Lo-Lo\n{e))) = o. (50) 

Because there is an infinite-dimensional space of solutions for this equation, we have 
labeled these by parameters d’s which will be interpreted below. 

In addition, as required by the TFD axiom (i), we also demand the invariance 

|D(0))) = |D^). (51) 
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These two axioms are what we could minimally require to define generally entangled 
ground states of the extended (free) OSFT (40) 

5 = i((ci>|QB|$))-i(($|QB|5)). (52) 

The equations of motion (47) 

Qb|$))=0 & Qb|$)) = 0 (53) 

are satisfied for all string fields |<I))), |$)). In particular they hold for ground states 
defined according to (50) and (51). Then, using (51), we obtain: 

Qb ± Qb |^^(^))) = 0 (54) 

which, on the other hand, can be derived from another equivalent free (effective) action 
for fl-fields: 

5±[12(0)1 = ^ (((i?i2||12(0))))e±g±|12(0))) (55) 

where Q± = Qb ± Qb and G± = Q ± Q. 

Therefore, by virtue of (i) and (ii), these fields can be written at leading energy level 
as 

r 

l^(^)))= J + + (56) 

with t{k) = f(fc) and C^u{k) = C^^{k). The vacua can thus be characterized by 
(f, C'pi/) • ■ •) and, hence, this collection of fields can be identified with the parameters 
0’s themselves. 

Notice that these Helds associated with the ll-states appear without their tilde part¬ 
ners. In other words, the TFD duplication will only produce a tilde correspondent of the 
ordinary open string fields, but not for the background fields such as Therefore, 

if we decompose this field in its irreducible components = g^i, + B^i, + 4>ri^^, we 
can conjecture that the field g^i, precisely describes gravitons, and that thermal (open) 
string fields might describe the gravitational field, and more hopefully, closed strings. 

The main result of this section is the observation that, upon the appropriate iden¬ 
tifications of the string degrees of freedom, this effective theory can be identified with 
certain formulation of (free) Closed String Field Theory (CSFT) [58]. 

In fact, if we identify the holomorphic/anti-holomorphic part (a.h.) of the closed 
string degrees of freedom with the tilde/non-tilde open strings respectively, one obtains 
that both theories are coincident. 

In particular, the extended reflector ((i?i 2 | = (i?i 2 |(i?j 2 l results to be suggestively 
similar to the CSFT one [58]: 


{Rl2\ = 


d^^k 


(i(0, 6; A:|c_ic_i (g) 2 ( 0 , 6; -fc|c_ic_i)(cQ -|- Cg *'^^)(c[|'*'^^ -I- 


X exp ( ^ + a.h. 


\n—l 


with a.h. denoting the antiholomorphic part and where 

Cq = (co ± co)/2 . 


(57) 


(58) 
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We see that both definitions of the reflector coincide up to a twist on the string “(2) 
given by: 


^ ((-l)"a(2),(-l)-6W,(-l)"c(2)) (59) 

which is a canonical transformation. 

Furthermore, the equation of motion (54), with Q^, coincides with that of (free) 
CSFT [58], and (50) can be identified with the level matching condition, so that both 
theories are (on-shell) equivalent. Moreover, such equivalence becomes off-shell if, and 
only if, the inner product (43) is the canonical one, i.e, the TFD-extended action is 
(48). In fact, for states satisfying the constraint (ii), eq. (48) expresses as 

Scanonicall^] = ^ (((^12 11^^))) cffQ B + <53)1^^)) • (60) 

which is nothing but the free-CSFT action. 

So, the result found here is that the fl-states can be identified with the asymptotic 
states of (free) CSFT. In the following section, we are going to study the Held spectrum 
of double-OSFT and explicitly verify that. 

6 Spectrum Analysis of the Free Theory 

In the first quantized theory of strings, one way to get the spectrum of the free theory 
is to use the BRST cohomology so that physical states are those in the cohomology of 
the Qb operator. Here, we will pursue the same path. 

The open string BRST operator is 

OO OO / \ 

Qb = '^ CnL^^J + X! ^2 ^ 

n— — oo m,n— — oo 

where M stands for the matter part and : • • • : means normal ordering with respect to 
the jfl) vacuum. The TFD rules give us then 

OO OO / <. 

Qb = '^ CnL^^n + X! ^2 ' 

n— — oo 7n,n— — oo 

Let us then analyze what happens when we apply the extended BRST charge to the 
doubled field. For that, we define the level of the field by the pair of numbers {N,N), 
where N is the eigenvalue of the basis state with respect to the number operator present 
in Lq, and analogously for the tilde operator. We will do the analysis for the first few 
levels. 

6.1 Cohomology of Qs and Qb 

In SFT, we build the string field as a linear combination of the physical states of the first 
quantised string. These are obtained by various ways, one of them is by the cohomology 
of the BRST operator. In this section, we are going to study the cohomology of the 
extended BRST operators and see what are the physical states. 

Let us start by the cohomology of the Qb operator: 
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Level (0,0) 



In this level, a 

general state is written as 



|$( 0 ’ 0 )))=t(fc)|O)) 

(63) 

so that 

gB|$( 0 . 0 ))) = t{k)QBm = t{k){a'e - l)co| 0 )) 

(64) 


For this state to be closed, it is clear that = 1/a'. It can also be seen that this state 
cannot be written as the BRST operator acting on another state. Hence, it is never 
exact. The conclusion is then that the physical state at this level is a tachyon state. 


Level (1,0) 

At this level, the general state is 

= [A^ik)at, + mc-i + 7(fc)fe-i] m (65) 

Acting with the Qb operator, we get 




/ cyf / 

+ {a'k'^)Af,{k)at^co + —^{k)k^a^_-^ 

(a'fc^)7(fc)co6-i - (a'fc^)/3(fc)c_iCo] |H)) (66) 


This state is closed if = k^A^ =7 = 0 and /3 is free. An exact state should satisfy 


1'!''’°^)) = [4(*)«-i + P'{k)c-i + 7'(A)5-i] |H)) = Qb|$('’°))) = 

— k^A^{k)c-i + {a'k‘^)A^{k)at^co + ]J 

+ {a'k‘^)j{k)cob-i - {a'k‘^)/3{k)c-iCo] |0)) (67) 

Since k^Afj, ^ 0, otherwise would be closed, we get that for a state to be exact 

we must then have = 0 , 7 ' = 0 and 

K^k) = ^^{k)k^ ■ p'(k) = ^k^A,{k) ( 68 ) 

It means that for a state to be closed and not exact we should have = 0, 7 = 0, 
k^Af^ = 0 and /3 \Ja'/2{k^A^) = 0. So c_i|0)) is an exact state for it can be written 
as 

c_i|H)) = igB(A^a((i|H))) (69) 

We also get a gauge invariance A/ ~ A^ + yja' 12 ^k^. The physical state at this level 
is then 

|<I>(i-o)))=A^(fc,ft)a(/i|H)) (70) 

with = 0 and the aforementioned gauge invariance, that is, a 1 /( 1 ) gauge field. 
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Level (0,1) 

Now we have 

+ C(fc)£-1 + m'b-i] m (71) 

so that 

Q^|$(o,i))) = + C(fc)c_i + ak)b-i] co|0)) (72) 

The state is closed only if = 1/a'. If ^ 1/a', we see that 

(73) 

that is, it is an exact state. Hence, every state in this level is physical as long as 
= 1/a'. 

Level (1,1) 

The general state is now 

= Cfiu{k)a^_ia^_i+Vfi{k)a^_J)-i+w^{k)a^_^C-i+Uy{k)h-ia''_i 

+ Zu^k^C-iCiLi + D{k)b-ib-i + F(fc)c_i&_i + H{k)b-iC-i 
+ M(fc)c_ic_i] |H)) (74) 

Now 

Qb|$(14))) = {a'e)C^,,a\a''_^co +^k^C^,c-ia^_^ + {a'e)v^at^cob-i 

/ Oi^ " o / Oi^ 

— k^v^c-ib^i + {a'k^)w^a\coC-i + W —k^w^C-iC-i 

/ Q/^ 

+ {a'k^)uua'^iCob-i + y —(75) 

" / Q/^ 

+ {a'k^)Dcob-ib-i + W —Hkf^atiC-i + {a'k^)Hcob-iC-i 

— {a'k^)zi,a'LiC-iCo — {a'k^)Fc-iCob-i — {a'k^)Mc-iCoC-i |H)) 

For this state to be closed, we should have 

k^ = 0; = 0 ; kf^Vf, = 0 ; = 0; m^ = 0; £> = 0; H = 0 (76) 

and 01/, F and M all free. 

Now we should look at the exact states. Using the same procedure we used above 
and comparing (74) and (75), we see that an exact state should satisfy k'^ = 0, u/ = 
D' = H' = 0 and 
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To get a state that is closed but not exact, we should then have 

= 0 ; = 0 ; k^Vf^ = 0 ; = 0 

j Qlf 

u, = {)-D = Q ; H = 0 ; ^—kf^C^, = 0 ( 78 ) 

= 0 ; M^^k^w^ = {) 

We come to the conclusion that the physical state at this level is 

= Cf^^{k)a^_-^^ct'_i+v^_,{k)a^_-J)-i+Wf^{k)a^_-^^C-i | 17 )) ( 79 ) 

with the following gauge invariances 



We can decompose the tensor Cfn, in its irreducible parts so that 

that is the direct sum of its symmetric, antisymmetric and traceless parts. We see then 
that the gauge invariances become 



As one can see, we obtain at this level two 17(1) gauge fields and what it seems to be 
the fields of the graviton, the Kalb-Ramond field and the dilaton with their respective 
gauge invariances. 

Hence, up to level (1,1), the extended string field is 
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r ^26 jL p 

1^)) = J [t{k)+Af,{k)a'^^+Bf,{k)a'ti+C{k)c-i+^{k)b_i 

+ Cfj,,y{k)at-^a'ii + v^{k)atj>-i + w^{k)atiC-i |17)) (82) 

The study of the cohomology of the Qb operator is very similar, and we get for the 
tilde string field 


|i)) = f — 

I " / (o-,r\‘2e 


f d'^^k r~ ~ _ _ 

J (27r)26 ^ - C{k)c-i - ^ik)b_i + Af,{k)at^ 


+ C^fj,{k)a^^a''_i - Vfj,{k)b-ia't;i^ - Wfj,{k)c-iat^ |f2)) (83) 


7 Computing the Action 

Our extended string field up to the level (1,1) is then 


r r]26U r 

1^)) = J + A(fc)«-1+-5^(fe)^-i+C(fc)c-1+g(A:)b-i 


+ Cfj,„{k)at^a’ii + Vfj,{k)atJ>-i + Wfj,{k)at^c-i^ |fl)) 

To compute the action, we need the bpz of the field (($| and (5 b|$)): 


f d^^k r 

J (27r)26 ^^^l [ti-k) + Af,{-k)a'l + S,,(-fc)d(‘ + C{-k)ci - ^{-k)bi 


+ C^„{-k)aiai - Vf^{-k)aibi + Wf_i{-k)a^ci 


/ ^26l /77 

- l)co + Y + {a'k^)Af,{k)a^^co 

+(a'fc^ - l)Bfj_{k)atiCo + {a'k"^ - l)C(fc)coC_i + (a'fc^ - l)5(fc)co&-i (86) 


+{a'k^)Cf^^{k)atia''_iCo + \ —k^C^i,(k)diLiC-i + {a'k^)v^(k)a^_-^CQb-i 


+ Y -^k^Vti.{k)c-ib-i + {a'k )w^{k)a^_^coC-i + —k^wi_,{k)c-iC-i |0)) 


Plugging these in (39), we get® 


°Where we have used the following prescription 


{{Q. |coCo|f^)) = (0, —k 1(0, k |c_iCoCic_iCoCi|0; A:)|0; —k) = {27v) 6 {k — k ) 
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5 = ^ 


d^t{x)dnt{x) - + d''Au{x)dvA^{x) 

a! 


+ d''B^[x)d,B^{x) - -B^{x)B^^{x) + dPC^,{x)dpC^^%x) 


( 87 ) 


Using the decomposition of 


S 


a 

y 




d^t{x)d^t{x) -+ d'' A^{x)di,A^{x) 

a 


d''B^{x)d^B^{x) - ^BfJ,{x)B^"{x) + g^u{x)dpg^^''{x) 

a 

dPBpy{x)dpB^^''{x) + dP(j){x)dp(j){x)\ 


( 88 ) 


Notice that the fields Vp, Wp, C, ^ do not appear in the action, even though they are 
not ruled out by the cohomology analysis. The reason is that the inner product (43) 
that we have chosen so as to define the free action is the simplest but not the most 
general one. In fact, by defining the product through the more general insertion 

G = Icq + Icq + m C-iCqCi + m C-iCqCi + n &_iCo&i + n &_iCo&i + ... ; (89) 

for l,l,m,rh,n,n € 5ft, then all the fields present in the cohomology are kept in the 
kinetic term of the action 


+ 

+ 

+ 

+ 


a 


<f^x I 


d^t{x)dpt{x) - jt'^ix) + d''Ap(x)d„A^(x) 

a 


d''Bp{x)duB>^{x) - -Bp{x)B^{x) + gpv{x)dpg^^ {x) 

a 

dPBp„{x)dpBf^'^{x) + d'^(j){x)dp(j){x)] 


m 


d''vp{x)dyv>^{x) + d^^{x)dp^{x) - -^"^{x 


a' 


-d’"wp{x)d^w^{x) - d^(^{x)dpC,{x) + —(^{x) 

a 


(90) 


Therefore, at this point, we can stress three important remarks: 

(a) These extra fields can be eliminated from the theory just by taking the appro¬ 
priate inner product (m = m = n • • • = 0), and so one recovers the action (88); 

(b) Although the product (43) could have some degree of arbitrariness, the insertion 
(89) is the most general one since it allows to capture in the action all the fields physically 
admissible; 

(c) Notice that we need l,fh > 0 and n < 0 in order to have a positive definite 
action. 


8 Interaction Terms 

It is not straightforward to give a prescription for the interacting term involving the 
double string field. However, we would like to finish this paper suggesting how it could 
be done and leave the checks of detailed S-matrix calculations for a forthcoming paper. 
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The minimal requirement we can do is that the extended three-vertex, contracted with 
extended fields, should give terms containing the conventional open string interaction 
terms. 

So first, let us observe that the physical field (82) has the following structure: 

1$)) = !<),) 0 |fi) + Ip)) (91) 


where 


\^) = j j^[tik)+A,{k)a^_, + ...]\n) (92) 

is the conventional open-string field, and 


(f^k 


C^,{k)a^_^aU + B^{k)a^_^ + C(fc)c_i + ?(fc)Li 


- J (27r)26 

-I- Vf^{k)at^b_i + Wfj,{k)a't;i^c-i |f2)) 
wheras the tilde string field has a similar expression: 

1$)) = |fl)®|^) + |p)) 


(93) 


(94) 


Therefore, in order to satisfy the requirement above, we propose the vertex to be 
linearly expressible in terms of the conventional one as 


1^123)) — 1^123) ® 1^^123) + 1^123)) 


(95) 


where 


ghAK] = 2 Vi = 1,2,3. 


(96) 


so, as for the kinetic term, one shall insert the appropriate t/’s to have a consistent inner 
product. We have, then, that the extended interaction term in the action (35) would 
read as 


Sint = $*$)),,, = |((Fi23l‘I>l))|‘I>2))|$3)) = |(^123l<^l)l02)|</>3) 

where ... stands for terms involving O'" ld))j 



(97) 


1^123) — l^i)l^2)l^3) 

Thus, the tensor K must have a non-vanishing projection onto this state, and any choice 
of the other components and W satisfies the requirement of containing the conventional 
interaction terms. At this point of the present construction, however, there is no addi¬ 
tional reasons or properties to give some specific form to these contributions. We can, 
then, give here the simplest prescription for the vertex extension: 

1^123)) = 1^123) ® Gs |f2j23) (99) 

where llTjjs)) present, and . The operator G 3 = G 1 G 2 G 3 ~ 

-I- ... is necessary for ghost counting in order to have ^ 0 
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in (97). Notice that the vertex defined according to (99) satisfies the known properties 
of the usual three-string vertex such as cyclicity and BRST-charge conservation. 

Finally, by taking the tilde of this object, the complete interaction term of (35) is 
defined as _ 

S,nt = S,nt - S^nt , (100) 

where _ 

|Vi23)) = 1^123) ® 1^123) + • (101) 

According to the prescription (99), we have = 0. 

One first check of our prescription is, for instance, the computation of transition 
amplitudes involving one graviton state (e.g decaying into fotons/taquions, etcetera). 
To do this one shall compute (97) where |<f>i)) = C, using (99): 

= I(Vd23|(fi23l |<l>2))|<i>3)) = 0 (102) 

which shows that these amplitudes vanish identically at order g, so the first non-trivial 
contribution for these type of processes is order g^, as one should expect from compu¬ 
tations of amplitudes with first quantized closed strings. More detailed consequences of 
this recipe on computations will be exhaustively explored elsewhere. 

8.1 Conventional OSFT 

The extended action constructed here reproduces the conventional OSFT states and 
dynamics at zero temperature. Let us briefly show how it is recovered. 

As often pointed out along the work, the interpretation of the extended field is 
statistical and many fields are interpreted as degrees of freedom that emerge from 
entanglement. Observe that the decomposition of a general state (at zero temperature) 
(91) is unique, so clearly, if this state is disentangled (pure) then the rest \p)) must 
be expressed as Ip') O |0) in which case p' would be absorbed into \(j)). Therefore, by 
demanding the purity of the states we have p = 0. 

The field content of this sector is the conventional open string field one, and re¬ 
markably, by virtue of our prescription for the extended vertex (99), this condition is 
dynamically preserved. One can see this straightforwardly by computing the S-matrix 
at tree level, using (99), for initial states with pi = p 2 = 0, and see that it always gives 
out-states such that ps = 0. The usual TFD-double sector (at zero temperature) is 
given by p = 0 at eq. (94). 


9 Conclusions and final remarks 

In the present work, the application of the TFD rules to OSFT was revisited owing to 
the more current covariant formulation. 

We must stress that the present approach differs radically from Leblanc’s study 
where the TFD duplication is realized conventionally on the component fields of the 
string field and the final results are not substantially different from TFD on conventional 

^In the final discussion, we will propose a suitable definition of entropy that vanishes for pure (disentan¬ 
gled) ones. 
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quantum field theory, giving the thermal green functions for an infinite collection of 
interacting fields. In contrast, the present formulation is based on the TFD duplication 
of the algebras (even at classical level), and then, of the basis for the string wave 
functionals. The immediate result is the new structure and spectrum of fields, different 
from the conventional OSFT one. It also brought some technical issues that were 
solved in the paper, namely, to extend the inner product and the star product to the 
new algebra in order to write down the extended string field action. 

In addition, it was found the more general form for that inner product in the ex¬ 
tended star algebra, since it has also been shown that such extension controls which 
fields of the physical spectrum could appear in the action. The resulting physical 
spectrum consists of the standard component fields of OSFT and their corresponding 
TFD-doubles, and, for instance, in the lower energy levels there are spin-one taquions, 
scalars, and gauge bosons; and it has been also noticed the presence of particles/fields 
of the spectrum of a closed string. And, as mentioned before, many sectors can be 
eliminated from the theory by conveniently choosing the inner product. 

We have seen that the theory that results from the application of the TFD rules, 
updated to string-helds (wave functionals of two-strings), contains all the following 
sectors in its spectrum (at zero temperature): (i) The conventional open string field 
(first term, eq (8.1)); (ii) Its conventional TFD copy [49] (first term of eq (8.4)) (hi) 
closed strings modes (described in section 5 as the ground states of the theory), given 
by levels: (0,0), (1,1), (2,2 )..., and (iv) many other fields that in fact do not belong 
to any of the above sectors such as those appearing in the sectors (1, 2), (2, 3),... . 
Our interpretation of the non-conventional sectors (iii) and (iv) is, as said before, as 
emerging effects arising from the entanglement of two open string fields. 

This in fact should be expected and is a suggestive result in the sense that the entan¬ 
glement between the usual open string and its tilde copy produce emergent effects which 
cannot be seen in the usual theory. This is the central core of emergent phenomena, 
where new degrees of freedom might appear due to collective/entanglement behavior. 
There exist examples in the literature where the TFD double is not merely a fictitious 
system, principally in contexts that involve gravitational degrees of freedom. The most 
sound work in this sense is due to Israel [61], where the thermal properties of a black 
hole are described by TFD, and the TFD-copy degrees of freedom are identified with the 
field living behind the event horizon in a black hole. Precisely, these degrees of freedom 
are causally disconnected from the original system, but they “collaborate” with it at 
quantum level through entanglement (see also [62]). More recent references on these 
points of view are in the context of AdS/CFT, (e.g. [63]) where gravitational degrees of 
freedom are believed to emerge from ordinary quantum fields (CFT) and quantum en¬ 
tanglement. As an specific example or result on it, in Ref. [64] Van Raamsdonk showed 
that a space time geometry is classically connected due precisely to the quantum en¬ 
tanglement of two conventional quantum mechanical systems (CFT and precisely, its 
TFD copy). 

The present results suggest a novel possibility in the context of string field theory: 
that closed string states could be viewed as non-fundamental, or more technically, that 
certain mixed states (backgrounds) of free open strings can be seen as fields of closed 
string theory. This unifying interpretation is in line with the spirit of the gravity/gauge 
duality [59, 60] and the recent ideas on the spacetime emergence [64, 65], but from a 
different perspective. Furthermore, the statistical/thermal ingredient of our approach 
addresses the belief that, at a string field level, the gravitational field should be inti¬ 
mately related to thermodynamical effects [66, 67]. 

Although the fact that a closed string can be described in terms of the Hilbert space 
of two open strings is known, the remarkable result here is that the closed string states 
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can naturally emerge when the TFD rules are properly applied to axiomatic OSFT. 
On the other hand, the simple need of describing non-pure states of the open string 
correctly justifies us to formulate this paradigm. 

Finally, let us remark that the entropy can be defined straightforwardly in the present 
framework. We have claimed that the fields of this theory generically represent non-pure 
states of open strings, so one is able to canonically define the reduced density matrix 
and the associated entropy. Given a state |r2(0))), the reduced density matrix defines as 

p = Tr\m)){{m\ (103) 

where Tr denotes trace on the tilde basis elements. So the TFD entropy operator [41], 
or modular hamiltonian [68], can be defined as K = —logp, and so the entropy of the 
state is nothing but S = Trp K = —Trplogp, which is not easy to compute for generic 
states. Observe that although, in principle, this can be defined for any string field \tp)), 
only for ground states, p(D) = p(D) and then S' = S', as usual for entanglement entropy. 
Moreover, it is also noticeable that the simplest states with non-vanishing entropy are 
such that contain graviton-like fields, since the contributions to K come from algebraic 
combinations as (so as the higher level ones a'^j^a'Ln)- 

This article is an initial study devoted to set the basic structure of the theory, and 
the thermal effects shall even be introduced through the KMS condition (axiom (iii)) or 
by minimizing some consistent definition of free energy [42, 44]. In forthcoming works, 
we shall investigate this and the notion of Bogoliubov transformations G connecting 
different thermal vacua, which should preserve the algebra of constraints of first quan¬ 
tized strings, namely [Qb,G] = 0 [56, 57]. In summary, the present approach can be 
seen as an extension of OSFT, a la TFD in the way described above, independent of 
the fact that thermal equilibrium and temperature have not been introduced yet. 

Another issue that needs to be addressed in the future is the study of the solitonic 
solutions of the equations of motion of the extended theory (Section 8). Trivial exten¬ 
sions can be built from the unextended theory as {ipsoi) O |0), where \(j)soi) refers to the 
known solutions of the conventional OSFT [15, 16, 19, 24, 25, 26, 27, 28, 30, 31, 32]. 
There could be, however, more solutions of the extended theory, which probably involve 
excitations of the gravitational field. 
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